At intensities below-the-recollision threshold, we show that re-collision-induced excitation with subsequent nucleus-assisted ionization, RESNI, is one of the most important mechanisms of nonsequential double ionization, for strongly-driven He at 400 nm. In RESNI the electron that is still bound after re-collision is assisted by the nucleus and the laser field to ionize mostly past even extrema of the laser field after re-collision. RESNI is a general mechanism present for a wide range of low intensities and pulse durations. We find that anti-correlated two-electron escape is the striking hallmark of RESNI. This mechanism offers an alternative explanation to multiple re-collisions, which was put forth to explain anti-correlated two-electron escape obtained in previous studies.
At intensities below-the-recollision threshold, we show that re-collision-induced excitation with subsequent nucleus-assisted ionization, RESNI, is one of the most important mechanisms of nonsequential double ionization, for strongly-driven He at 400 nm. In RESNI the electron that is still bound after re-collision is assisted by the nucleus and the laser field to ionize mostly past even extrema of the laser field after re-collision. RESNI is a general mechanism present for a wide range of low intensities and pulse durations. We find that anti-correlated two-electron escape is the striking hallmark of RESNI. This mechanism offers an alternative explanation to multiple re-collisions, which was put forth to explain anti-correlated two-electron escape obtained in previous studies. Non-sequential double ionization (NSDI) in strong infrared laser fields is a fundamental process accounted for by the three-step model [1] . First, one electron tunnel-ionizes in the field-lowered Coulomb-barrier and then it accelerates in the laser field. This electron can return back to the core to re-collide and transfer energy to a bound electron through two main pathways. In the direct one, the energy transferred suffices for both electrons to ionize shortly after re-collision. In the delayed pathway the energy transferred can ionize only one electron shortly after re-collision. The other electron transitions to an excited state. It is generally accepted that this electron ionizes later in time assisted by the laser field at the field extrema after re-collision. Hence, the delayed pathway is also commonly referred to as re-collision-induced excitation with subsequent field ionization (RESI) [7, 9] .
At intensities below-the-recollision threshold, in NSDI two electrons escaping opposite to each other along the laser-field direction-anti-correlated escape-has been studied intensely by experiment and theory alike. This pattern was found to prevail, but not substantially, over correlated two-electron escape. It was observed in NSDI of several atoms driven by intense (strongly-driven) long duration laser pulses [23] [24] [25] [26] [27] [28] [29] [30] . Multiple re-collisions, in the context of RESI, were put forth to explain anticorrelated two-electron escape. Electron-electron repulsion was also suggested as a possible explanation.
Here, we show that RESI does not necessarily prevail the delayed pathway, for strongly-driven He at 400 nm. We find another competing mechanism where the still bound electron ionizes shortly past even extrema of the laser field after re-collision. Around these extrema the forces from the nucleus and the laser field are exerted along the same direction on the still bound electron. We label this mechanism as re-collision-induced excitation with subsequent nucleus-assisted ionization (RESNI). We show that anti-correlated two-electron escape is the striking hallmark of the decisive role the nucleus plays in RESNI. Hence, our results suggest that RESNI and not multiple re-collisions accounts for the anti-correlated twoelectron escape obtained in previous studies.
We demonstrate RESNI in NSDI of He driven by a near-single-cycle laser pulse at 5×10 14 W/cm 2 and 400 nm, which are typical parameters for RESNI. In the last few years, kinematically complete experiments have been accessing NSDI using carrier-envelope-phase (CEP)-controlled near-single-cycle pulses [30] [31] [32] [33] . Further below, we discuss RESNI for other laser intensities and pulse durations as well. For low intensities, the DI probability for strongly-driven He is larger at 400 nm as compared to 800 nm, thus our choice of 400 nm. The intensity of 5×10 14 W/cm 2 is below-the-recollision threshold. This corresponds to the maximum energy of the electron returning to the core, i.e. 3.17 U p [1] , being equal to the energy needed to transition to the first excited state of the ion. U p = E 2 0 /(4ω 2 ) is the ponderomotive energy, with E 0 and ω the strength and frequency of the field.
We employ a three-dimensional (3D) semi-classical model. The only approximation is the initial state. One electron (electron 1) tunnel-ionizes through the fieldlowered Coulomb-barrier. We use the quantum mechanical Ammosov-Delone-Krainov (ADK) formula to compute the tunnel-ionization rate [34, 35] . The exit point of electron 1 is along the laser-field direction and is computed using parabolic coordinates [36] . The electron momentum is taken to be equal to zero along the laser field while the transverse one is given by a Gaussian distribution [34, 35] . The initially bound electron (electron 2) is described by a microcanonical distribution [37] .
We use a laser field of the form
where φ is the CEP of the laser field. full-width-half-maximum of the pulse duration. We employ atomic units, unless otherwise stated. The tunnelionization time, t 0 , is selected randomly in the time interval [-2τ,2τ] . Once the initial conditions are specified at time t 0 , the position and momentum of each electron are propagated classically in time. We do so using the threebody Hamiltonian of the two electrons with the nucleus kept fixed. All Coulomb forces and the interaction of each electron with the laser field are fully accounted for with no approximation. We also account for the Coulomb singularity by using regularized coordinates [38] .
Previous successes of this model include a very good agreement with experimental results for several observables of NSDI for Ar when driven by near-single-cycle laser pulses at 800 nm [39] . These observables were obtained as a function of CEP for intensities ranging from below-to above-the-recollision threshold. Moreover, we investigated the direct versus the delayed pathway of NSDI for He driven by a 400 nm, long duration laser pulse. For intensities ranging from below-to above-therecollision threshold, we achieved excellent agreement with fully ab-initio quantum mechanical calculations [40] .
Our results for NSDI are obtained by taking into account twelve CEPs that range from φ = 0 • to φ = 330 • in steps of 30 • and by averaging over all CEPs. We first obtain the double ionization (DI) events. Then, in order to identify the main pathways of energy transfer, we perform an analysis in time of the classical trajectories. For each DI classical trajectory, we use the time difference between the re-collision time t rec and the ionization time of each electron t ion,i , with i = 1, 2. The re-collision time is defined as the time of minimum approach of the two electrons. It is identified by the maximum in the electron pair potential energy. The ionization time for each electron is defined as the time when the compensated energy-the canonical momentum is substituted in the kinetic energy term-becomes positive and remains positive thereafter [41] . Thus, the ionization time of electron 1 is not necessarily the time t 0 this electron tunnel-ionizes. A DI event is labeled as delayed or direct depending on how the time differences t 1 ion -t rec and t 2 ion -t rec compare with an arbitrary positive time interval t diff [39] . For t diff less than 1/10 laser cycle (T) the percentage contribution to DI of the direct and delayed pathway does not significantly depend on the choice of t diff . We choose t diff = 1/10 T. Fig. 1(a) shows that the correlated electron momenta along the laser-field direction exhibit an anti-correlation pattern. The two electrons escape in opposite directions for 72% of DI events. Hence, for near-single-cycle laser pulses anti-correlated two-electron escape overshadows the correlated one. The percentage contribution to DI of the direct pathway is 10.5%, delayed 68.5% and double delayed 21%. In the direct (double delayed) pathway both electrons ionize within (outside) a time interval t diff from the re-collision time [39] . In the delayed pathway, electron 1(2) ionizes within a time interval t diff from the re-collision time and electron 2(1) ionizes past t rec + t diff . correlated DI events of the double delayed pathway is significant (19%), while of the direct pathway is small (6%). However, it is RESNI ( Fig. 1(d1) ) that contributes the most (32%) to anti-correlated DI events. In RESNI the electron that transitions to an excited state ionizes at even extrema after re-collision assisted by the nucleus and the laser field. RESI ( Fig. 1(d2) ) has the second largest contribution (28%). In RESI the electron that transitions to an excited state ionizes at the extrema after re-collision assisted by the laser field. The e-e delayed pathway events ( Fig. 1(d3) ), where the two electrons escape due to electron-electron repulsion, also have a substantial contribution (15%) to anti-correlated DI events. Given the above, RESNI prevails the delayed pathway and NSDI in general for short duration laser pulses. The RESNI, RESI and e-e mechanisms of the delayed pathway are discussed later in detail. We find that anti-correlated two electron escape prevails for all CEPs. We focus on the delayed pathway which dominates (75%) the anti-correlated two-electron escape in NSDI. In Table I we separate delayed pathway events according to the time interval n[0, 0.5] T + t 1 ext each electron ionizes in, n being an integer. We denote by t 1 ext the first extremum of the laser field after electron 1 tunnel-ionizes, with t 1 ext = 0 for φ = 0 • . In each time interval the vector potential, A(t), and thus the momentum change due to the field after electron l (f) ionizes, Δp E z,l(f) , has a single sign. f (l) stands for the electron that ionizes first (last).
We find that electron f ionizes in [0, 0.5] T + t 1 ext . This interval includes the time 1/4 T+t 1 ext when roughly electron 1 returns to the core to re-collide, i.e. 3/4 T after electron 1 tunnel-ionizes. The final momentum of electron f, p z,f , is mostly determined by the laser field since Δp E z,f p z,f < 0 for only 9.8% of delayed pathway events. In what follows, for simplicity, we assume that for all delayed pathway events. When electron l ionizes in the time intervals denoted by black color in Table I , the final momentum of electron l, p z,l , is mainly determined by Δp E z,l and thus has the same sign as Δp E z,l . Since this is in accord with the well known RESI mechanism, we label these events RESI. In RESI, the two electrons escape in opposite directions mostly when electron l ionizes in [0.5, 1] T + t 1 ext , see Fig. 1(d2) ; 0.5T+t 1 ext is the first extremum of the laser field after re-collision. These anti-correlated RESI events are due to electrons f and l ionizing in time intervals where the vector potential has opposite signs and were identified in previous studies [24] .
The two electrons can also escape with opposite final momenta, when electron l ionizes in [2.5, ∞] T+t 1 ext (blue intervals in Table I ), for 0.97×16.4%=16% of the delayed pathway events. However, in this interval the laser field is zero and, thus, electron l can only escape due to Coulomb repulsion. These e-e labeled events account for 15% of all anti-correlated DI events, see Fig. 1(d3) . Surprisingly, we find that electron 1 has the highest probability, 47%, to ionize in [1, 1.5] T + t 1 ext , see red interval in Table I . We label these events as RESNI. In most RESNI events, electron l ionizes closer to the lower bound of [1, 1.5] T + t 1 ext , at T+t 1 ext . This is the second extremum of the laser field after re-collision. Table I shows that [1, 1.5] T + t 1 ext is the only time interval, with values of the laser field not close to zero, where electron l escapes with p z,l opposite to Δp E z,l . Thus, p z,l is not mainly determined by Δp E z,l . For these events, which account for 0.72×47%=34% of the delayed pathway, p z,l also has a sign opposite to p z,f . These RESNI events account for 32% of anti-correlated DI events ( Fig. 1(d1) ).
The above results for RESNI are unexpected. According to RESI, electron l should ionize with similar probabilities in time intervals where the laser field is non zero. Also, the final momentum of electron l should mainly be determined by the laser field. Hence, RESNI events are the main reason anti-correlated two-electron escape overshadows the correlated one for short duration pulses.
In Fig. 2 , we highlight additional differences between the RESI, RESNI and e-e mechanisms in order to iden- tify the cause of the unexpected final momentum of electron l, p z,l , for RESNI events. If the two electrons escape mainly due to electron-electron repulsion, the sum of the final electron momenta in the direction perpendicular to the field p ⊥,1 + p ⊥,2 should be equal to zero, i.e. p x,1 + p x,2 = 0 and p y,1 + p y,2 = 0. Indeed, the correlated sum of the electron momenta transverse to the laser field are concentrated around zero for e-e events, see Fig. 2(a3) . However, these distributions are much broader for RESNI (Fig. 2(a1) ) and RESI ( Fig. 2(a2) ). Comparing Fig. 2(b1) to Fig. 2(b2) and (b3), we find that the momentum of electron l at the time it ionizes, p t ion,l z,l , has significantly larger values for RESNI rather than RESI and particularly rather than e-e events. This is consistent with p z,l being larger in RESNI rather than RESI and e-e events, as a comparison of Fig. 1(d1) with Fig. 1(d2) and (d3) reveals. Thus, in RESNI p z,l is mainly determined by the large momentum of this electron at the time it ionizes. This suggests that the nucleus plays a decisive role in p z,l , since we showed that the field and electron f do not play a significant one.
We also find that the anti-correlated two-electron escape in the delayed pathway reported in this work is not due to multiple re-collisions. Indeed, half of the delayed pathway events have a weak second re-collision. This weak re-collision occurs mostly at the first extremum of the laser field after the main re-collision. Most importantly, we find that delayed pathway events with one or two and more re-collisions both have mostly anti-correlated electron momenta. Hence, multiple recollisions do not account for RESNI. This is true also for longer duration laser pulses addressed later in this work.
Based on the results presented above, we encapsulate the features of the RESNI mechanism in a simple cartoon in Fig. 3 . After electron 1 tunnel-ionizes, the main re-collision takes place around 1/4 T+t 1 ext . Electron 2 gains energy from electron 1 and electron l transitions to an excited state. Electron f escapes soon after with positive (negative) momentum depending on whether t a maximum (minimum) of the laser field. For a time interval of 0.5T after the main re-collision, i.e. up to 3/4 T+t 1 ext , the force from the laser field, F E , acts in the positive (negative) z direction. In this time interval, electron l moves away from the nucleus along the positive (negative)ẑ-axis with positive (negative) z-component of the momentum. For the low intensity and near-single-cycle laser field currently employed, the field alone is not sufficient to overcome the attractive force F C exerted from the nucleus on electron l. As a result, it is not probable for electron l to ionize at the first extremum of the laser field following the main re-collision, i.e at 0.5 T+t 1 ext . However, from 3/4 T+t 1 ext to roughly T+t 1 ext , both the force from the laser field and the nucleus act on electron l along the negative (positive)ẑ-axis, see Fig. 3 . As a result, electron l gains additional energy while approaching the nucleus along the z direction. For 34% of delayed pathway events electron l not only crosses z = 0 but also approaches the nucleus for a second time, the first being close to the main re-collision. This energy gain is sufficient to ionize electron l shortly past T+t 1 ext , i.e the second extremum of the field after re-collision. The relative strength of the force from the laser field versus the nucleus determines which one contributes the most to the final momentum of electron l. If the nucleus does, the two electrons escape in opposite directions, see Fig. 3 , otherwise, they escape in the same direction. For low intensity and near-single-cycle laser fields, it is the effect of the nucleus before electron l ionizes that determines the final momentum of this electron. Hence, in RESNI the two electrons escape mostly in opposite directions overshadowing the correlated two-electron escape.
In Fig. 4 we demonstrate that RESNI is a general mechanism that accounts for, if not the largest, a significant percentage of the delayed pathway of NSDI. This is the case for a wide range of laser intensities and pulse durations for He at 400 nm. First, we keep the duration of the laser pulse constant and increase the intensity from 5×10 14 to 7×10 14 W/cm 2 . For instance, for a 2 fs duration laser pulse, we find that for all intensities RESNI takes place at the second extremum of the field after re-collision. The percentage contribution of RESNI (anti-correlated RESNI events) to the delayed pathway decreases from 47% (34%) to 38% (24%), see Fig. 4(a)   FIG. 4 . Percentage contribution to the delayed pathway of (a) RESNI events and (b) anti-correlated RESNI events as a function of laser intensity and pulse duration. The intensity is increased in steps of 0.5×10 14 W/cm 2 and the duration in steps of 2 fs.
( Fig. 4(b) ). This is consistent with the force from the laser field on electron l increasing in strength with increasing intensity. Moreover, the delayed pathway contributes the most (68.5%) to DI at the lowest intensity considered. As the intensity increases the contribution of the direct pathway to DI increases reaching 56% at the highest intensity considered. However, in the direct pathway the two electrons escape mostly in the same direction, see Fig. 1(c) . Thus, even at 7×10 14 W/cm 2 the delayed pathway and thus RESNI still account for a significant amount of the anti-correlated DI events (26%).
Next, we keep the intensity constant and increase the pulse duration from 2 fs to 6 fs. We find that for 4 fs RESNI takes place at the second and fourth extrema of the field after re-collision, while for 6 fs RESNI takes place at the sixth extremum as well. Around these extrema the force from the field and the nucleus act on electron l in the same direction. For instance, at 5×10 14 W/cm 2 , we find that the percentage contribution of RESNI to the delayed pathway events increases from 47% to 64%, see Fig. 4(a) . This is reasonable since RESNI takes place at additional even extrema of the laser field after re-collision with increasing pulse duration. However, the contribution to the delayed pathway of anti-correlated RESNI events decreases from 34% to 28%, see Fig. 4(b) . This is consistent with the force from the laser field on electron l increasing in strength at a given even extremum of the laser field with increasing duration. Moreover, as the pulse duration increases, the contribution of the double delayed pathway increases, reaching 41% for τ =6 fs. We find that for half of the double delayed pathway events the two electrons escape in opposite directions. However, RESNI still accounts for a significant amount of anti-correlated DI events (29%).
In conclusion, RESNI is a very important mechanism of the delayed pathway and thus of NSDI. In RESNI, following the main re-collision, the still bound electron ionizes shortly after the even extrema of the laser field after re-collision. Around these times both the force from the laser field and the attractive force from the nucleus act in the same direction on the still bound electron in the delayed pathway. RESNI is a significant mech-anism for a wide range of intensities and pulse durations. The hallmark of RESNI is that the two electrons can escape in opposite directions along the laser field. We showed that this signature of the effect of the nucleus is more pronounced for small intensity and short duration laser pulses where RESNI prevails NSDI overall. We also find (not shown) RESNI to be a very important mechanism in NSDI of driven He at 800 nm and at an intensity of 1.75×10 14 W/cm 2 , with a similar contribution to NSDI as for 7×10 14 W/cm 2 at 400 nm. Hence, we expect RESNI to be a significant mechanism in NSDI of He driven at wavelengths other than 400 nm, and to be present in other atoms and molecules.
